Austin Mohr
Math 704 Homework

Problem 1
Prove that the Cantor set C is totally disconnected and perfect. In other words, given two distinct points
x,y € C, there is a point z ¢ C that lies between z and y, and yet C has no isolated points.

Proof. Let x,y € C be distinct. Then, z,y € Cy, for all k¥ € N. Now, since z and y are distinct, we can find
N € N such that 3% < |z —y|. Hence, z and y belong to different intervals of Cy. By the construction of the
Cantor set, there must be at least one interval between x and y which does not belong to Cy, and so does
not belong to C. Select one such interval. Choosing any point z in this interval satisfies that z lies between
z and y and z ¢ C. Therefore, C is totally disconnected.

To see that C is perfect, let ¢ > 0 be given and consider B(z,¢€) for any = € C. Let I denote the in-
terval to which z belongs in C;. We can find N € N such that Iy C B(z,€). Now, this interval must have
two endpoints ay and by (one of which could possibly be equal to ). By the construction of the Cantor
set, we know that the endpoints of any interval are never removed, and so ay,by € C. Furthermore, we
have that an,by € Iy C B(x,€). Therefore,  is not isolated. O

Problem 2
The Cantor set C can also be described in terms of ternary expansions.

a) Every number in [0, 1] has a ternary expansion

o0
ag
T = E 3k where a;y = 0,1, or 2.
k=1

Prove that x € C if and only if x has a representation as above where every ay is either 0 or 2.

Proof. (=) Let € C. We build a ternary expansion for x of the desired form as follows.Consider C;. It must
be that & belongs to one of [0, 3] (in which case let first digit of the ternary expansion for x be 0) or [2,1] (in
which case let first digit of the ternary expansion for = be 2). Next, consider Co. The interval of C; to which
z currently belongs will be divided into three subintervals, and so we append a 0 to the ternary expansion
of z if it belongs to the leftmost subinterval or a 2 if it belongs to the rightmost subinterval. Continuing in

this way, we see that x has an associated ternary expansion containing only the digits 0 and 2.
(<) Let

o0
xzz%,where ar =0 or 2.

k=1
We can locate = on the real line as follows. If a; = 0, we choose the left subinterval of C;. If a; = 2,
we choose the rightmost subinterval of C;. When we form Cs, the interval we have just chosen will be
subdivided into three subintervals. If as = 0, we select the leftmost subinterval. If as = 2, we select the
rightmost subinterval. Continue in this way. Since the length of these intervals can be made arbitrarily
small, we see that the ternary expansion of x uniquely specifies its location on the real line. O

b) The Cantor-Lebesgue function is defined on C by

oo

b . > ag a
F(a:):z2—z 1fx:ZB—Z,Wherebk:7’“
k—1 k=1

In this definition, we choose the expansion of x in which ay = 0 or 2. Show that F' is well-defined and
continuous on C, and moreover F'(0) = 0 as well as F/(1) = 1.



Proof. Let x,x’ € C with = 2. Denote the kth digit of the ternery expansion of z and z’ by as and aj,,
respectively.

Claim ay, = aj, for all k.
Proof of Claim Suppose not. Then, ay # a/y for some N. From the construction in part (a), we see that x
and z’ must belong to different subintervals in C, and so x # z’, which is a contradiction.

Now, let by = % and b, = % Then by, = bj, for all k. Hence
S br = b,
D= k=D
k=1 k=1
and so F' is well-defined.
To see that F' is continuous, let € > 0 be given and x,2’ € C so that |F(z) — F(z')] < e. Consider the
binary expansion of ¢ (denote the kth digit of € by €). Construct § > 0 such that o = 2¢; for all k. Let N

be the first nonzero digit of 6 and e. Then, |z — 2| < ¢ implies that the first N — 1 digits of x and =’ agree.
Hence, the first N —1 digits of F'(z) and F(z') agree, and so |F(z) — F(z)'| < e. Therefore, F' is continuous.

By the construction in part (a), we know that O is represented in ternary form by always choosing the

leftmost subinterval, and so for x = 0, b, = g = 0 for all &. Similarly7 1 is represented in ternary form by

always chosing the rightmost subinterval, and so for x = 1, by = £ = 1 for all k. Hence
— 0
k=1
1 1 &1 z
F1)=) o = 52?2 1!
k=1 k=0

¢) Prove that F': C — [0, 1] is surjective.

Proof. Let y € [0,1]. Then y has a corresponding binary expansion. Let b denote the kth digit of this
expansion. Construct a string s such that s, = 2b for all k, where s; denotes the kth digit of s. This
construction uniquely identifies some ternary string using only Os and 2s. From part (a), we know that s
corresponds uniquely to some € C. Now, it is clear from our construction of x that F(x) = y. O

Problem 3
Recall that every open set in R is the disjoint union of open intervals. The analogue in R?, d > 2 is
generally false. Prove the following:

a) An open disc in R? is not the disjoint union of open rectangles.

Proof. Suppose, to the contrary, an open disc O C R? is the disjoint union of open rectangles. Choose some
open rectangle Ry € O and let © € §R;. Then, for all € > 0, B(z,e) N Ry # ¢ and B(z,¢) N RS # ¢. Hence,
x ¢ Ry, and so there must be an open rectangle Ry € O with € Ry. This implies that there is ¢ > 0
such that B(x,e9) C Ro. By our previous observation, B(x,eg) N Ry # ¢. Taken together, we see that
Ry N Ry # ¢, which is a contradiction with the fact that O is the disjoint union of open rectangles. O

b) An open connected set 2 is the disjoint union of open rectangles if and only if  is itself an open
rectangle.

Proof. (=) Let © be the disjoint union of open rectangles. Suppose, to the contrary, that Q is not itself
an open rectangle. Then, ) contains at least two open rectangles. By the argument in part (a), we see
that these rectangles cannot be disjoint, which is a contradiction. Hence, it must be that €2 is itself an open
rectangle.



(<) Let Q be an open rectangle. Then 2 is the disjoint union of a single open rectangle (namely, (2
itself). O

Problem 1 (Cantor-like Sets)
Construct a closed set C so that at the kth stage of the construction one removes 2°~1 centrally situated
open intervals each of length [ with
l1+2[2+-~-+2k_1lk <1

a) If I; are chosen small enough, then

oo

22’6*% <1

k=1

In this case, show that m(C) > 0, and in fact,
m(é) =1- ZQk_llk
k=1

Proof. First, we claim that C is measurable. Denote by Oy the union of the open sets removed from [0, 1]

at step k of the construction. Since the union of an arbitrary number of open sets is open, each of the Oy, is
o0

open. Furthermore, O = U O}, is open. Now, we have that C = [0,1]\ O is closed and therefore measurable
k=1
(as all closed sets are measurable).

Now, to determine m(C), observe that both O and C are measurable (O is measurable because it is open)
and disjoint and that O UC = [0, 1]. Then
m([0, 1]) = m(0) + m(C)
m(C) = m([0,1]) = m(O)

o0
Furthermore observe that all of the Oy, are open (and so measurable) and disjoint with O = U Og. If we
k=1
further break the Oy into their constituent open subsets, these properties still hold. Hence

m(C) =m([0,1]) — m(O)

=m([0,1)) = 3 m(O)
k=1

=1-> 2"y
k=1
O

b) Show that if 2 € C, then there exists a sequence of points {z,}52, such that z,, ¢ C, yet z,, — z and
Zp € I, where I,, is a sub-interval in the complement of C with |I,,| — 0.

o0
Proof. Observe first that since Z 2F=11, < 1, the tail of the series must go to zero. That is, for any € > 0,
k=1
there exists IV such that [, < € for all n > N. Now, let x € C. Let C; denote the k stage of the construction.
For each k, = belongs to some closed subset Sj, of C. Let Ij, be the open interval removed from S to proceed
to the next step of the construction. We take any zy, € I to form our sequence {z,,}22 ;. Clearly, each zj be-
longs to an sub-interval in the complement of C. Furthermore, |I| = I — 0. It remains to show that x,, — «.

From the construction of ék and our selection of x,,, it is clear that



|z — 2| < |In| + Sl
By our previous observation, we know that |I,,| =, — 0. Now

n

1— ZQk_llk
1
< —
S on
—0asn— oo

Hence, | — x,| — 0. That is, {z,, }22, converges to x. O
¢) Prove as a consequence that Cis perfect and contains no open interval.

Proof. To see that Cis perfect, let € > 0 be given and consider B(zx,¢) for any = € €. We can find N € N
such that Sy C B(z,€). Now, this interval must have two endpoints ay and by (one of which could possibly
be equal to :1:) By the construction of ¢ , we know that the endpoints of any interval are never removed, and
so an,by € C. Furthermore, we have that ay,by € Sy C B(x,¢€). Therefore, x is not isolated.

Suppose, to the contrary, that there exists an open interval O € C. Then, for any = € O, there exists
€o such that B(xz,e) € O. Let € < ¢p. Then, there can be no sequence {x,}>2, of the type described in
part (b) whose limit is z, since B(z, e) C C implies that |z — 2,,| > €y > € for all n. This contradicts the
conclusion of part (b), and so it must be that C contains no open interval. O]

d) Show also that C is uncountable.

Proof. We claim that C is in one-to-one correspondence with infinite ternary strings containing only 0s and
2s, and so is uncountable.

(=) Let x € C. We build a ternary string for z of the desired form as follows. Consider C;. When we
remove the centrally situated open interval, it must be that z belongs to either the left closed subinterval
(in which case let first digit of the ternary string for « be 0) or the right closed subinterval (in which case
let first digit of the ternary string for  be 2). Next, consider Cs. The interval of C; to which currently
belongs will be divided into three subintervals, and so we append a 0 to the ternary string for x if it belongs
to the leftmost subinterval or a 2 if it belongs to the rightmost subinterval. Continuing in this way, we see
that x has an associated ternary string containing only the digits 0 and 2.

(<) Let s be an infinite ternary string containing only Os and 2s. We associate can with s an = € ¢
as follows. If the first digit of s is 0, we choose the left subinterval of Cy. If the first digit of s is 2, we choose
the rightmost subinterval of C1. When we form ég, the interval we have just chosen will be subdivided into
three subintervals. If the second digit of s is 0, we select the leftmost subinterval. If the second digit of s is
2, we select the rightmost subinterval. Continue in this way. Since each x € C belongs to a singleton set, we
see that s will specify some = € C. O

Problem 2
Suppose F is a given set and O,, is the open set

Op={z:d(z,E) <1}

a) Show that if E is compact, then m(E) = lim m(O,,).

n— oo

Proof. By the Heine-Borel theorem, F is closed and bounded. Now, since E is closed, E is measurable. Now,
we want to apply the following fact

If O \( E and m(Oy) < oo for some k, then m(E) = lim m(O,,)

n—roo



It is clear that Oy D Opyy for all k (if d(z, E) < i3, then certainly d(z, E) < ;). We show next that

E= ()0
k=1
Let € E. Then, d(z,E) = 0 < % for all k. Hence, x € Oy for all k, and therefore = € m Ok.

k=1

oo
That is, E C ﬂ Ok.
k=1
oo
Let = € ﬂ Ok. Then, d(z, E) < % for all k. That is, d(z, E) — 0. Now, since E is compact, d(z, E)
k=1
attains its minimum, and so d(z, E) = 0. This implies that z € E, and therefore n O, CE.
k=1
To see that m(Oy) < oo for some k, let N be any fixed natural number. Since E is bounded, there
exists x € F and 0 < r < oo such that £ C B(x,r). Now, let y € On. It follows that

d(z,y) <r+d(y, E)
1
<r+ N
and so y € B(z,r + +). Therefore, Oy C B(z,r + ). Now, since B(z,r + 3 ) is an open ball of finite
radius, it is measurable with finite measure. Since Oy is open with Oy C B(z,r + %), Oy is measurable
with finite measure.

Having satisfied the hypotheses of the aforementioned fact, we conclude that m(E) = lim m(O,,). O

n—oo

b) Show that the conclusion in (a) may be false for F closed and unbounded or E open and bounded.

Proof. Let E = Z (which is closed and unbounded) in R. Since Z is a collection of singleton points, m(Z) = 0.
On the other hand, each O,, is the union of countably infinitely many open balls of radius %, and so m(Oy,)
is infinite for all n. Hence, lim m(0O,) = oo.

n—oo

Let {ri,...,7n,...} =QnN(0,1). Let B, = (1, — 557, "n + 5agr) for all n. Finally, let

E=({]JE.)()0,1)

n=1
(which is open and bounded). Now, we have
> € 1 € 1
On = U(’f‘k — 72k+1 - E,frk + 72]@4»1 + E)

k=1

Now, O, is an open cover of (0, 1) for all n since, for any « € (0, 1), we can find a rational number 7 within
L of z, and so « € B(rg, £) € O,. Hence, m(0O,,) > 1 for all n. Therefore, for € < 1,

m(E) <e<1< lim m(O,)
n—oo
O

Problem 3
Let A be the subset of [0,1] which consists of all numbers which do not have the digit 4 appearing in
their decimal expansion. Find m(A).

Proof. Let x € A. Given any € > 0, we can find N such that fx < € for all a € {1,2,...,9}. That is,
r+ 5% € B(z,¢) for all a. Hence, we can choose a so that the Nth digit in the decimal expansion of 4 15~
is 4. Therefore, A is the uncountable union of disjoint singleton sets, and so m(A4) = 0. O



Problem 4 (The Borel-Cantelli Lemma)
Suppose {Er}72, is a countable family of measurable subsets of R¢ and that

Z m(Ey) < oo

k=1
Let
E ={z €R? | x € E}, for infinitely-many k}
= limj—y 00 (Bk)
a) Show that E is measurable.

Proof. Observe first that
E=() U Ex
n=1k>n

since, if x € Ej for infinitely many k, it will appear in the union for all k£, and will be included in the

countable intersection. Now, since each Fj is measurable, U E}, is measurable for all n (since the countable
k>n

oo

union of countable sets is countable). This implies that F = ﬂ U Ej, is countable (since the countable
n=1k>n

intersection of measurable sets is measurable). O

b) Prove m(E) = 0.
oo
Proof. Since Zm(Ek) < 00, it must be that the tail of the summation goes to 0. That is, for any € > 0,

k=1
there exists N such that

Now,

and so we conclude

and so m(E) = 0. O

Problem 1
Show that there exist closed sets A and B with m(A) = m(B) =0, but m(A + B) > 0:

a. In R, let A = C (the Cantor set), B = .



Proof. Recall that the Cantor set (here, A) contains no open interval, and so has measure 0. Similarly, B
has measure 0. Recall also that an element belongs to A if and only if it has a ternary expansion using only
Os and 2s. Hence, an element belongs to B if and only if it has a ternary expansion using only 0Os and 1s.
Now, let = € [0,1]. We choose a € A and b € B such that © = a+b (and so show that z € A+ B) as follows:

If the kth digit of x is 0, specify that the kth digit of a is 0 and the kth digit of b is O.
If the kth digit of x is 1, specify that the kth digit of a is 0 and the kth digit of b is 1.
If the kth digit of x is 2, specify that the kth digit of a is 2 and the kth digit of b is 0.

Hence, A+ B D [0,1], and so by problem 4a, we have that A 4+ B is measurable (since A + B contains a
subset of nonzero measure). Furthermore, m(A + B) > m([0,1]) = 1. O

b. In R?, observe that if A= 1 x {0} and B = {0} x I (where I = [0,1]), then A+ B=1x1I.

Proof. Lines in R? have measure 0, since, in the limit, a covering a closed cubes will have sides of length 0.
Hence, A and B both have measure 0. Now, consider

[x1={(a,b) ] a,b€[0,1)}
This is a closed cube with sides of length 1, and is therefore measurable with measure 1. O

Problem 2
Prove that there is a continuous function that maps a Lebesgue measurable set to a non-measurable set.

Proof. Consider the function F : C — [0, 1] defined previously. We have already shown that F is continuous
and surjective. Now, let N be the non-measurable set described in the text, and let C’ denote the preimage
of N under F. Since F' is surjective, we know that C’ is nonempty. Furthermore, ¢’ C C since N C [0, 1].
Now, consider the function

G:C— N
G(z) = F(z) for all z € '
(i.e. the function F restricted to the domain C’). G is surjective by definition of C’. Furthermore, since

F is continuous, G is continuous. Finally, we see that m(C") < m(C) = 0, since C' C C. Therefore, G is a
continuous function mapping a Lebesgue measurable set onto a non-measurable set. O

Problem 3
Let E be a subset of R with m*(E) > 0. Prove that for each 0 < a < 1, there exists an open interval I
so that

m*(ENI)>am*(I)
Proof. Choose O D E such that m*(E) > am*(O) (this can always be done). We can write

o0
0= U O;, O; open and disjoint
i=1

and hence



Now, suppose that m*(E N O;) < am™(O;) for all i. Then

m*(E) = m*(U(E No;))

i=1
o0
= Z m*(ENQO;) (by the disjointness of the E N O;)
i=1
< Z m*(0;) (by hypothesis)
i=1
= am”(0) (by disjointness of the O;)
which is a contradiction with the fact that m*(E) > am*(O). Hence, it must be that, for some k,
m*(ENO) > am*(0O), which proves the claim. O
Problem 4

Let NV denote the non-measurable subset of I = [0, 1] constructed at the end of Section 3.

a. Prove that if E is a measurable subset of NV, then m(E) = 0.

Proof. Let {r;}72, be an enumeration of the rationals in the interval [—1,1] and let E}, = E + 1y, for each
k. Since E C N, Ey C Ny, for each k. Since each of the N are pairwise disjoint, each of the Ej, are pairwise
disjoint. Now, the Lebesgue measure is translation invariant, so m(Ey) = m(FE) for each k. We also have

that U b, C U Ni C [-1,2]. Tt follows that
k=1 k=1

Z m(Eg) = m( U Ey) (by the disjointness of the )
k=1 k=1
o0
<3 (since | J By C[-1,2))
k=1
But m(Ey) = m(FE) for each k. Hence
o0
3> m(Ex)
k=1
=> m(E)
k=1
which implies that m(E) = 0. O

b. If G is a subset of R with m*(G) > 0, prove that a subset of G is non-measurable.

Proof. Since m(G) > 0, we can find for any € > 0 a closed interval [a,b] C G with m(G \ [a,b]) < €. Now,
consider the set G — a (G translated by —a units). Since the Lebesgue measure is translation invariant,
m(G —a) = m(G). Furthermore, the interval [0,b—a] € G —a. Let A =[0,b—a]NN. Observe that A C G.
Suppose A is measurable. Since A C N, m(A) =0 by part (a). It follows that
m(G) =m(G — a)

=m((G —a)\ A) +m(A)

<e+0

=€
Since € can be chosen arbitrarily small, we conclude that m(G) = 0, which is a contradiction. Hence, it must
be that A is non-measurable. O



Problem 1
Let {f»} be a sequence of measurable functions on [0, 1] with | f,(z)| < oo for almost every z. Show that
there exists a sequence c¢,, of positive real numbers such that

f n(m) — 0 for almost every .

Proof. For a fixed value of n, define the set Fj, to be { € [0,1] : |fn(x)| > k} (which are measurable, since f,
measurable). We see that F1 D F; D --- (as k grows larger, Fj, can only get smaller). Now, m(F;) <1 < oo,

and so lim m(Fy) = ﬂ Fy). Since |fn(x)] < oo for almost every z, it must be that m(m F) =0,

k—o0
k=0

which implies that there is some k, such that m(Fy,) < 5. In other words,

m({z € [0,1] : |fu(2)| > kn}) < 57

or, equivalently

fn (r)

nky

m({z €[0,1] :

2 3H) <

fn (ﬂ?

Now, for each n, define E,, to be the set {x € [0,1] : 13 We have now a countable family {E,,} of

measurable subsets of R with Z E) < 0o0. Define E to be the set {x € R : z € Ej, for infinitely many k}.

=1
The Borel-Cantelli lemma 1mphes m(E) = 0. In other words, the subset of [0,1] whose image is nonzero
under ng(x) for infinitely-many n has measure zero. Therefore,

f n(”) — 0 for almost every x

O

Problem 2
Let X[o,1) be the characteristic function of [0, 1]. Show that there is no everywhere continuous function f
on R such that

f(z) = xj0,1)(2) almost everywhere.

Proof. Suppose f(x) = X[o,1](7) almost everywhere. Consider the set (—2£,0) U (0,2) for any § > 0. Since
f(z) = X011 (x) almost everywhere, we can find 2 € (—$,0) such that f(z0) =0 and z1 € (0,3) such that
f(xz1) = 1. Now, let 0 < € < 1 be given. Regardless of how small we make §, we have

[zo — x1| < 8 yet [f(zo) — f(z1)[=[0-1[=1>¢
Therefore, f is not continuous everywhere. O

%deno‘ce the measurable set constructed in the text. Recall that measurable subsets of A/ have
measure zero. Show that the set N¢ = [0,1] \ NV satisfies m* (N ) = 1, and conclude that
m*(N) + m*(N€) # m* (N UNC)
although N and N¢ are disjoint.
Proof. Suppose, to the contrary, that 0 < m*(N°) < 1. We can find a measurable set U such that N¢ C

U C [0,1] with m(U) = 1 — € for some small e. Now, U¢ C N, and so m(U¢) = 0 (since measurable subsets
of a non-measurable set have measure zero). We have that

1—e=m(U)+m(U°)
=m(UUU°)

:m([07 1])
=1



which is a contradiction. Hence, m*(N¢) = 1. Now, during the course of the proof that N is non-measurable,
it was shown that m*(N) > 0. So, we have m*(N) + m*(N¢) > 1. On the other hand, we have that
m*(NUN®) =m*([0,1]) = 1. Therefore, m*(N) + m*(N¢) # m* (N UNC).

O

Problem 4

Give an example of a measurable function f and a continuous function ® so that f o ® is non-measurable.

(Hint: Let F' be as in problem 2d and define G : [0,1] — [0,2] by G(x) = x + F(x). Check that G is
strictly increasing, continuous and onto. Take Cs equal to the standard Cantor set and C; = G(C3). Show
m(C1) = 1. Now let ® = G=1. Let N C C; be non-measurable, and take f = Xa&(N)-)

Use the construction in the hint to show that there exists a Lebesgue measurable set that is not a Borel
set.

Proof. Recall that

Fla) the ternary expansion of x ifx € Cy
€Tr) =
F(y) where y is the greatest element of Co such that y <z if z ¢ Co

We see that F'(x) is nondecreasing. Since z is strictly increasing, we have that G(z) = x + F(x) is strictly
increasing. We have shown that F'(z) is continuous, so G(z) is continuous (since the sum of two continuous
functions is continuous). Next, observe that G(0) = 0 and G(1) = 2. By the Intermediate Value Theorem,
we have that G is onto [0, 2].

Recall that C§ is comprised of open intervals (a,b) where F'(a) = F(b). Let (a,b) € C§ have measure .
We have

G(a) =a+ F(a)
G)=b+ F(b)

Since F(a) = F(b), we see that G(b) — G(a) = a — b = . Furthermore, since G is strictly increasing and
continuous, it must be that the open interval (G(a), G(b)) has measure I. Repeating this argument for all
open subsets of C§, we see that m(G(C5)) = m(C§) = 1. Since G is onto [0, 2], we have m(C1) = m(G(Cs)) =
m((0,2]\ G(C3)) = 1.

Since G is continuous and onto [0,2], G™! is continuous, so we will take ® in the problem statement to
be G~!. Let N denote some non-measurable subset of C; and consider the function Xa-1(n)- We see that
XG-1(n) is measurable since

[0,2] if —c0o<a<0
{Xg1v)y>a} =¢{z: Gx) e N} if0<a<l
10) ifa>1

The first and third cases are obviously measurable. To see that the second case is measurable, observe that
{z : G(z) € N} C (5, which has measure zero. Subsets of sets with measure zero are measurable (also with
measure zero), and so it must be that {z : G(z) € N} is measurable. So, we will take f in the problem
statement to be xg-1(n)-

We show next that xg-1(n) © G~ is non-measurable. Consider the set {xe¢-1 vy © G~! > 0}. Since
XG-1(N) © G~ outputs only 0 or 1, this set is equivalent to {Xg-1(n)© G~ = 1}. Translating the notation,
we see that this set is all of IV, which is non-measurable by definition. Hence, xg-1( N)oG’1 is non-measurable.

Consider the set G71(N). Since G™1(N) C Cy and Cy has measure zero, it must be that G~1(N)
is Lebesgue measurable with measure zero. We might proceed by demonstrating that G~!(IN) cannot be
obtained by from open sets of R using the properties of o-algebras. (I cannot determine how to go about
this.) O

10



Problem 1
Consider the exterior Lebesgue measure m* introduced in Chapter 1. Prove that a set E in R? is
Carathéodory measurable if and only if E is Lebesgue measurable in the sense of Chapter 1.

Proof. (=) Suppose E is Carathéodory measurable. Consider first the case where E has finite measure. We

can find open sets O,, so that m*(0,,) < m(E) + 1. Define G to be the G5 set ﬂ O,,. Since E C G C O,
n=1

for all n, we have that m*(E) < m*(G) < m*(0,,) < m(E) + % for all n. Hence, m*(G) = m*(E). Now,

since E is Carathéodory measurable, we have

m*(G) =m"(ENG)+m"(E°NG)
m*(E) = m*(E)+m*(G — E) (since m*(F) = m*(G) and E C G)
0=m"(G-E)

We see that E differs from a Gy set by a set of measure 0. Hence, E is Lebesgue measurable.

Now consider the case where E has infinite measure. Define E,, to be the set E N [—n,n]?. For all n, we
see that F,, has finite Carathéodory measure, and so is Lebesgue measurable by the previous case. Now, E
is the countable union of the Lebesgue measurable E,,, so E is Lebesgue measurable.

(<) Suppose E is Lebesgue measurable and let A C R? be given. Using the same method as before,
we can construct a Gs set G with A C G and m*(A) = m*(G). Now, observe that G is the union of disjoint
sets ENG and E°NG. Since both F and G are Lebesgue measurable, we have

m*(A) =m*(G) =m"(ENG)+m"(E°NG) (1)

Now, m*(A) < m*(ENA)+m*(E°NA) by subadditivity. Since A C G, we see that m*(ENG) > m*(ENA)
and m*(E°NG) > m*(E°NA). Hence, m*(A) = m*(G) = m*(ENG)+m*(E°NG) > m*(ENA)+m*(E°NA).
Therefore, m*(A) = m*(ENA) +m*(E°N A), and so E is Carathéodory measurable. O

Problem 2 (Tchebychev Inequality)
Suppose f > 0 and f is integrable. If & > 0 and E, = {z | f(z) > a}, prove that

m(E.) <L [f.

Proof. Since f is integrable, it is measurable. This implies, in particular, that F, is measurable, and so we
have that m(E,) = [ xg,. Now, from the definition of E,, we have that 0 < axxg, < f, which in turn gives
o [ xg., < [ f. By our previous observation, we can replace [ xp,dz with m(E,) to get m(E,) <1 [ f, as
desired. O

Problem 1
Integrability of f on R does not necessarily imply the convergence of f(z) to 0 as x — co.

a. There exists a positive continuous function f on R so that f is integrable on R, but yet lim, . f(z) =
.

Proof. Define the function f to take on the value n if € [n,n + n%) for n > 2. Elsewhere, the function

is zero except for the line segments required to make the function continuous. We define these segments in
1

such a that the graph resembles a sequence of trapezoids with height n and bases of length 5 and %

11



By construction, f is positive and continuous on R. Now,

Hence, f is integrable. The fact that lim, o f(z) = oo is also immediate (for any N, there are infinitely-
many z € (N, 00) such that f(x) > N), so the claim is proven.
O

b. However, if we assume that f is uniformly continuous on R and integrable, then mm_m f(z) =0.

Proof. Suppose, for the sake of contradiction, that lim, .. f(x) = ¢ > 0 (we consider first only the case
where © — +00). Choose some d so that 0 < d < c¢. Then, there is a sequence z1,z2,... with each z;
far apart (to be made precise later) so that f(x;) > d for all i. Choose €y so that 0 < ¢y < d. Since f is
uniformly continuous, there is some dy > 0 so that, for each z;, |f(z;) — f(y)| < € for all y € N(z;,do).
Since f(x;) > d > €y, we have that f(y) > € for all y € N(x;,dp). Hence, the area contributed by the
function over the interval N(z;,dg) is at least 2dpeg. Now, if we choose the x; far enough apart so that each
of the N(z;,d0) are disjoint, we have that

Aw f(l’) > 225060 = 0
n=1

which contradicts the fact that f is integrable. o
We can force the same contradiction when 2 — —o0, and so we conclude that lim |, f(z)dz =0. [

Problem 2
Suppose f > 0, and let Egr = {x | f(z) > 2*} and F}, = {x | 2F < f(x) < 2kF1}. If f is finite almost
everywhere, then

U B = {f) >0},

k=—o00
and the sets F}, are disjoint.

Proof. Since f is a function, it has a unique output for each input z. Hence, 2% < f(x) < 28! for a single
value of k. That is, the Fj are disjoint.
(o]

(C) Let z € U Fy. Then 2% < f(x) < 28! for some k, so f(x) # 0. Since f > 0, we have that
k=—oc0

f(z) > 0. That is, z € {f(x) > 0}.
(2) Let z € {f(x) > 0}. Then f(x) > 0, and so 2* < f(z) < 28! for some k. That is, = € U F,. O

k=—o00

Prove that f is integrable if and only if

i 2km(Fk) < 00

k=—o00

if and only if

Z ka(Ezk) < o0

k=—o00

12



Proof. (i = ii) Suppose f is integrable. Let z € F}, for some k. By definition of F, 2¥ < f(z). Since the F},
are disjoint, it follows that
o0 > / fdx

> i /2kXde$C

k=—o00

(il = i) Suppose Y 2"m(F)) < oo. Then 2 »  2Fm(F) < 00. Let x € F}, for some k. By definition
k=—o0 k=—oc0

of Fy, 281 > f(x). Since the F}, are disjoint, it follows that

/fdx< > /2k+1xpkdx

k=—0o0

= Z 2k+1/Xdex

k=—o0

oo

— Z 2k+1m(Fk)

k=—o0

< o0

(ii < iii) Suppose Z 28m(F),) < oco. Observe that Fox = U F,. Since the F), are disjoint and
k=—o0 n>k
measurable, it follows that

m(Ey) =m(| ) Fn)

So

|
hE
]
y
&

Z ka(EQk) =

k=—o0 k=—ocon>k

I
g
=4
2
M=
N

n=-—oo k=—o00
(o)
= Z 2" m(F,)
=2 i 2"m(Fy,)

13



oo oo
Hence, if either of Z 28m(Fyr) or Z 28m(F},) is finite, then the other is also finite. O

k=—o0 k=—o0

Use this result to verify the following assertions. Let

otherwise

ro={ 5 s

and

(2) = lz|=%  if o] > 1
9= 0 otherwise

Then f is integrable on R? if and only if a < d; also g is integrable on R¢ if and only if b > d.
Proof. Let x € Fy,. Then

ok < a7 <2k

2 > |z

Hence

m(B(0;2%)) >m(F) >m(B(0;
—dk —d(k+1)

> m(Fk) > Vg

)

where v4 is the volume of the unit ball. Now

22’“ (Fp) = Z?k (Fr) + Z m(Fy)

k=—o0 k=—o0 =1

Since |z| < 1, m(Fx) < vq for all k. Hence

00 0 00
o 2m(F) <ve Y 264D 28 m()
k=1

k=—o0 k=—o0

= 2vgq + Zka F;
k=1

oo
So it suffices to show that Z 2%m(F}) converges.
k=1

° —d(k+1) ad e —dk
Z Kwe2™ e ) < Z 2m(Fy) <Y 2F(wa2™)
k=1
Va2 sz““) < 22" (Fr) <waqy 2F0=%)
k=1

We see that the upper and lower bounds converge if and only if 0 < a < d, forcing the convergence of
(o]

Z 28m(F},), which in turn implies that f is integrable.

k=—o0
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Let ¢ € E9x. Then
2k < |z|7?

27 > |z|

Observe also that For is empty for & < 0. Hence, Eor = B(0; Z_Tk) \ B(0;1), and so m(Eqx) = de_Tdk — vg.
Now

i ka<E2k): i 2km(E2k)

k=—c0 k=—
-1
= Z Qk(de%?k—’Ud)
k=—o0
-1 —1
= g Z 2k(1_%)—vd Z oF
k=—o00 k=—o00

which converges if and only if b > d, which in turn implies that f is integrable.
O

Problem 3
a. Prove that if f is integrable on R, real-valued, and |’ g f(x)dx > 0 for every measurable £, then
f(z) >0 ae. x.

Proof. Define F' to be the set {z | f(z) < 0}. Since f is integrable, f is measurable, and so F' is measurable.
We claim that m(F') = 0.
Since F is measurable, we have that [ p f(x)dz > 0 by hypothesis. Now, observe that, for any n > 1,

nfxr < f. It follows that
/nfxpdxg/fdx

n/Ffde/fdx
/Ffde%/fdx
/FfdeO

Hence, [, fdz = 0. Since f(x) < 0 for all z € F, we conclude that m(F) = 0. That is, f(z) > 0 almost
everywhere.

O
b. As a result, if fE f(x)dx = 0 for every measurable F, then f(z) =0 a.e.

Proof. From the first part, we see that f(x) > 0 almost everywhere. Let G be the set {z | f(z) > 0}. It
suffices to show that m(G) = 0.

As before, f is measurable, so G is measurable. By hypothesis, we have that fG fdx = 0. Since f(z) >0
for all x € G, we conclude that m(G) = 0. Hence, the set of = so that f(z) # 0 has measure 0. That is,
f(z) = 0 almost everywhere. O

Problem 4
a. Let a,, b, € R such that a,, — a € R. Prove that

lim(a,, + b,) = a + limb,

15



Proof. Since a,, — a, we have a = lim a, = lim,_,.a, = lim ay. Since lim(a,) = —lim(—a,,), we have

n- oo Emde ]

m(an + bn) = _m(_an - bn)

> _m(_an> - m<_bn)
= lima, + limb,
= a + limb,
Now, construct a subsequence (b,,) of (b,) with klim by, = lim, . b,. Let (ay,) be the subsequence
— 00

induced by the indices chosen for (b, ).

= lima,, + limb,,
= lim(an, + bn,)
> lim(ay, + by,)
Therefore, lim(a,, + b,) = a + limb,,. O
b. Let f, f, be integrable functions. Assume f,(z)arrowf(z) a.e. and [|f,|dx — [|f|dz. Prove that
S 1 fn = fldz — 0.

Proof. Define the function g, to be |f| + |fn| — |f — fnl|- Then g, — 2|f] as n — oo. By Fatou’s lemma
[ gdx < lim [ g dx

Hence
2 [1f1de <l (1514150 = 1 = fl) do
—tun [ |fldo+ [1faldo [ 1~ o
= [1n1ds -+t [ Vfaldo = [ 17 = gl o)
= [1rlde+ [171de 4 tim(= 1= fuldo) by part (a)
Now,
0<tim(~ [ If - fuldo)
0> T [ |7 - fuldo
ani_{r;o/If—anfU
Therefore, as n — oo, [ |f — fuldz — 0. O
Problem 1

a. For m(E) < oo, show that
L>=(E) C L"(E) C LP(E) C L'(E)
where 1 < p < r < co. Show, for E = (0, 1], by example that all the inclusions can be strict.

Claim. L>*(E) C L"(E)

16



Proof. Let f € L*™°(F). We have that f is measurable and, for some M, |f(z)| < M almost everywhere on
E. Hence

[f ()" < M”
[ 1@ < arm(e)
E
< 0o
Hence, f € L"(E).
To see that this inclusion is strict, consider the function f = - on E = (0,1]. We see that f is
x2r
unbounded, so f ¢ L>®(E), but
/ \f(x)|rd1::/ —| dx
E E |X2r
1
E|T?2
=2
< 0o
so fel. O

Claim. L"(E) C L*(E)

1

Proof. Let f € L"(E). We have that f is measurable and ([, |f(z)["dz)" < co. Now, let n = 5+ Observe
that L = 2 < 1, so there exists a number ¢ so that 1 + % = 1. Let g(x) = (f(x))P for all z. We show that
g € L"(E). Since f € L"(FE), f is measurable, and so g = f? is measurable. Furthermore,

[ larde = [ 1@y as
- [ i@
< 0

We also see that the constant function 1 is in LI(FE), since 1 is measurable and

/|1|qu=/dz
E E

= m(B)

< 00

Next, apply Holder’s Inequality to g - 1 to obtain

/E|g<x>-1|dxs gl 1111,

(f g<x>|"dx)i(/E|1|de)é

< 0

Since [, [g(x) - 1|dx = [ |f(z)|Pdz, we have that f € LP.
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To see that this inclusion is strict, consider the function f = -4 on E = (0,1]. Observe that f is

x

Rl

measurable. Now, we see that f ¢ L"(E), since

r

1
[rae= [ || a
E ElTT
1T
z/ —| dz
E|T
=00
Now,
1 p
[iras= [ = ao
E ElTr
1
:/ - | dx
E|TT
< 0o
since 2 < 1. Hence, f € LP(E). O

Claim. LP c !

Proof. As in the previous proof, but replace every occurrence of “r” with “p” and every occurrence of “p”
with “1”. Similarly, this inclusion is strict. O

b. Show that in general (i.e., if m(E) = c0)
L*NL'CIPCL®+L'={f:f=g+h,ge L® hecL'}
Claim. L*NL'C L?
Proof. Let f € L N L'. We know that |f| is bounded (say by M) and integrable. It follows that

Py = r—1gq
/Elfl v [Emm v

< Mp / fldz
E
< 0
Therefore, f € LP. O
Claim. LP C L*>® + L}
Proof. Let f € LP. We know that [, |f[Pdz < co. Observe that

E={x:[f(@) <1}U{z:|f(=)[" > 1}

Define the function g to be f restricted to {z : |f(x)|? < 1} and the function h to be f restricted to
{z : |f(x)|? > 1}. First, observe that that f = g + h with g and h both measurable. Next, we see that
g € L™, since |g(z)| < 1 for all z in its domain. Finally, if we denote {x : |f(x)|P > 1} by H,

[ m@ldz = [ 17(@)as
< /H (@) e

g/E\f@cn da
< o0

Hence, h € L. O
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Problem 2
Let f € L2([0,1]). Prove that

(f[o,l] xf(x)dm)2 < %f[m] |f(z)?dz

Proof. Observe first that the function z is in L?([0, 1]), since x is measurable and

/ |z|* do = / x2dx
[0,1] [0,1]

1

3

< 0

Now,

2

(/[0’1] xf(x)dx) 2 = /[0,1] xf(x)dx
< ( /H Ifcf(x)ldx>2

< ([[ally [1£(@)]],)* (by Hélder’s Inequality)

_ ((/E|x|2dx>;(/E|f(a:)|2dx)é>2
- /H R /H /(@) Pda

1 :
=3/, V@
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Problem 3
Let E be a measurable set of finite measure and let 1 < p < co. Assume f, € LP(E) such that |[f,|[, <1
and f,(z) — 0 almost everywhere. Prove that ||f,||; — 0.

Proof. By Egorov’s Theorem, we can find, for any ¢y > 0, a subset A, of E with m(E \ A¢,) < €o so that
fn — 0 uniformly on A.,. This implies that, for any € > 0, there is an N so that for all n > N,

/ |fn|dx§/ edx
A A

€0 €0
=em(Ae,)
< em(E)

Hence, [, |fnldz — 0.
€0

For the remainder of the domain, observe that

/ |fn|dac:/ | faXm\a,,
E\A. E

0

dzx

Since 1 < p < oo, we can choose ¢ so that % + % = 1. We already know that f,, € LP(E) for all n. In order
to apply Holder’s Inequality, we need that x g\ 4, € Li(FE). This is true since

/‘XE\AF qdm</ |1|%dz
E 0 E
dzx

).

=m(FE)

< o0

Applying Holder’s Inequality, we see that

/ \fn|da::/ |faXE\a,, d2
E\A, E
<Ifall,

XE\A.,

q

q
g\
= / ‘XE\AeO dd?

E

q
= (o)
E

= (m(B\ Aq))7

< HXE\AEO

Since m(E \ A.,) can be made arbitrarily small, we conclude that |’ B\A | fnldx — 0. Taken together with
€0
the fact that [, |fs|dz — 0, we have that || f,||; — 0. O
€0
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Problem 4

Let f, — fin LP, 1 < p < oo, and let {g,} be a sequence of measurable functions such that |g,| < M
for all n with g, — g almost everywhere.

a. Prove [[(gn — 9) f[|, — 0.

Proof. Observe first that

(o~ 11, = [ 1(on - flpd:v)l
([ —g”lf”dxy

The proof proceeds by establishing the hypotheses for the Dominated Convergence Theorem. Define F,, =
lgn — g|P|fP. Now, f € LP implies that f is finite almost everywhere. Taken with the fact that g, — ¢
almost everywhere, we have that F,, — 0 almost everywhere. Next, observe that, since |g,| < M and g, — ¢
almost everywhere, |g, — g| < 2M almost everywhere. Define the function G = (2M)P|f|P. We see that
|F| < G almost everywhere and G is integrable (since f € LP). It follows that

Jim 19, - g’ fPPdo =t [ Fda
= / nILH;O F,dx  (by the Dominated Convergence Theorem)
=0
Therefore, ||(g, — g) f|l, — 0. O
b. Prove g, fn, — fg in LP.
Proof.

llgnfn — f9ll, = llgnfn — fa+ gnf —anfll,
= l(gn — 9)f + (fo = [gnll,
< l(gn = @) fIl, + [1(fa = Plgnll,
< lgn = 9 fIl, + 1I(fu = FIM]],,
=l(gn = 9 fIl, + M fn — fll,

The first term goes to 0 by part (a) and the second term goes to 0 by the assumption that f,, — f in LP.
Hence, g, fn — fg in LP. O

Problem 1
Consider the function defined over R by

z V2 o<z <1,
fz) = .
0 otherwise

For a fixed enumeration {r,}5°; of the rationals Q, let

= Z 27" f(x —ry).
n=1

Prove that F' is integrable, hence the series defining F' converges for almost every x € R. However, observe
that this series is unbounded on every interval, and in fact, any function F' that agrees with F' almost
everywhere is unbounded in any interval.
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k
Proof. Define s, = Z 27" f(x —ry). Since 27" and f(x —ry,) are both measurable for each n, we have that

n=1
sp is measurable for each k. Furthermore, s > 0 for each k. It follows that

/RF(x)dx = /Ri;l2"f(:c —rp)dx

= Z/ 27" f(x — ry)dx (by the Monotone Convergence Theorem)
n=1"R

= 22_"/ f(z)dz
n=1 R
o0

I
"
3
[N}

Hence, F' is integrable. It follows directly that F' converges for almost every x € R (if there was a set of
positive measure on which F' did not converge, then the integral of F' over that set would be infinite).

Let F be as described. Since Q is dense in R, any interval of R contains a rational number ry a real
number zx such that, for any € > 0, |zny — rn| < €. Hence, for any z € B(ry,¢),

F(z) = Z 27" f(x — ry)de

n=1
> 27 Nf(x—ry)
= 2_N€%1

which is unbounded as € — 0. O

Problem 2
a. Let f € L™ N L*> for some r < co. Prove that

r 1—z
AL, < HLAE 1Al

for all r < p < 0.

Proof. Since f € L*™, |f| < M for some M. Now,
[iavas= [1rrisras
E
< [arrifras
:M”_T/|f\rdx

171, = (/E|f|pdx)"

< (M / I de)h
= M / I dz)
= IF117 lIfllz

which is finite, since f € L”. Hence,

3 =
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b. Assume f € L" N L for some r < co. Prove
T [1fllp = 11/l
Proof. Observe from part (a) that

AL, < IFIE £
_— _— ks 1—-z
T || £1], < Tin ||£]]2 11 £]15 7

<o

Now, for 0 < ¢t < ||f]|,,, define the set A = {« : [f(z)|] > t}. Observe that, for all ¢, A has positive
measure. Suppose this is not the case. We can find to < || ||, with |f(z)| < to almost everywhere, which
is a contradiction with the definition of ||f||. . Furthermore, we see that, for all ¢, A has finite measure.

Suppose this is not the case. We see that
[isra= [ iras
A

z/t’"dx
A
=t"m(A)

=0

which is a contradiction with the fact that f € L". Now, observe that |f(z)| > txa(z) for all =, which
implies that [|f]|, > [[txa(z)[],. It follows that, for any ¢

tim|[f]], > lim [[txa]],

= lim (*m(A))>
= limtm(A)>»
=t
Since ¢ can be chosen arbitrarily close to || f||,, it follows that lim || f[|, > [|f[| .. Combining this with the
above, we conclude that lim [|f[|, = [[f][..- O
p—o0
Problem 3

Let fn,f € LP with 1 < p < co. Assume f,(x) — f(z) a.e. Prove f, — f in LP if and only if
[ fally = 1F1lp-

Proof. Define the function g, = |f|P + |ful? — |f — fo/P. We have, for each n, g, is measurable and
gn(z) = 2|f(x)|P, so g, > 0 for all sufficiently large n. By Fatou’s Lemma

/2|f|”dm < @/gndx
—tiw [ 170410, = |f - folPdo
~tun [ [fPde+ [ 1falrds— [ 17 = fulao)
) / \f|Pdz + lim — / \f — fulPda (by a previous homework)

—2 [ \fpdo ~Tam [ 17 - f,pds
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Hence

[rrac< [2isr —m [ 1f - i

T [ 17 = fulds <0
and so lim [ [f — fu[Pdx = 0. Therefore, ||f||, = || fall,- O
Problem 4
Let f € L'. Denote by f; the function f, () = f(x — h). Prove that ||f — fa|l1 — 0 as h — 0.

Proof. Let F' be a continuous function with compact support E. We see immediately that m(E) < co. Let
€ > 0 be given. Since F is continuous, we can find 6 > 0 so that for |z —y| < 4, |F(z) — F(y)| < e. Now, let
0 < h < 4. Since |z — (x — h)| = h < 4§, we conclude that |F(z) — F(x — h)| < e. Hence,

IF =Bl = [IF ~ Filds

/ |F — F|dx
E

g/edm
E

=em(E)
Since € is arbitrary and m(E) < oo, we conclude that ||F — F}||; — 0.

Since continuous functions with compact support are dense in L', for any € > 0, we can find continuous
F with compact support such that || — f[|; < 5. It follows that

If = fully =lf = F +F = Fp + Fr, — fally
<|If = Fll; + [|F' = Fully + [|Fn = fall,
=|f = Flly + [[F = Fall, + [I(F = f)nlly
=|f = Fll, +[[FF = Full, + [|1F' = f[l;

cELEL €
3 3 3

=€
noting that the second term can be bounded in this way because F' is continuous with compact support. [

Problem 1
Suppose f is defined on R? as follows

an ifn>0n<z<n+ln<y<n+l1
fle,y)=¢ —a, fn>0n<z<n+lnt+l<y<n+?2
0 otherwise

oo
Here a,, = Z b with {bx} a positive sequence such that Z b =5 < 0.
k<n k=0

a. Verify that each slice f¥ and f, is integrable. Also, for all z, [, f.(y)dy = 0, and hence [ ([, f(z,y)dy) dz =
0.

Proof. Observe that for 0 <y <1

24



ag f0<zx<1
fo(x) = .
0 otherwise
and forn <y <n+1withn>1
an tn<z<n+1
fix) =< —a,_1 ifn—1<z<n
0 otherwise

Also, for alln >0

an ifn<y<n+1
fo(y) =4 —a, ifn+1<y<n+2
0 otherwise
all of which are step functions, and hence measurable. We will compute the values of their integrals as they

are needed. These values will turn out to be finite, and so the slices will be shown integrable.
Let n <z <n+ 1. We have

/fx(y)dy:/ andy+/ —andy
R [n,n+1] [n+1,n+2]

=a, — ap
=0
and so f, is integrable and
L ([ @) ae= [ ([ 1) ao
R \J/R R \J/R
= [ Odz
R
=0
O
b. However,
ao ifo<y<1

Je £V (@)dy = {

ap —ap_1 fn>1n<y<n+1
Hence, y — [, fY(x)dz is integrable on (0,00) and

Jo (g fla,y)de) dy =
Proof. Let 0 <y < 1. From our definition of f¥(z) in part (a), we have

/Rfy(x)dz = /[0’1] apdx

:ao

Similarly, if n <y <n+ 1 with n > 1, we have

/fy(x)darz/ —an_ldx—F/ andx
R [n—1,n] [n,n+1]

=0anp — ap—-1
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Hence, for every y, fY is integrable. Now, Tonelli’s Theorem gives that y — [, f¥(z)dz is measurable.

Furthermore,
[ ([ swais)ar= [ ([ s )ay
R \J/R R \J/R
-y / (/ fy(x)dx) dy
n—0 [n,n+1] R
n—0 [n,n+1]
- (an - a'n—l)
n=0
=35
where we define the term a_; to be 0. O

c. Note that [, |f(z,y)|dzdy = oc.
Proof.

| sty = [ ([ 1s6elas) ay
- /]R (/(0700) If(w,y)ld:c> dy

> / ( / aodx> dy (since {a,} is a monotone increasing sequence)
R (0,00)
=00
O
Problem 2
Suppose f is integrable on R?. For each a > 0, let E, = {x : |f(x)| > a}. Prove that
fRd \f(x)|dx = f()oo m(Eoe)dO‘
Proof. Observe first that, for fixed a > 0,
Eo={az : [f(z)] > a}
={z:a> f(z) > —a}
Since f is integrable, it is measurable, and so F, is measurable. Now,
/ m(Ea)doz:/ </ XEa(t)dt) da
0 0 Ré
:/ (/ XE. (t)da) dt (by Tonelli’s Theorem)
Re \Jo
FO]
= / / lda | dt (since xg, = 0 when a > |f(t)] for fixed ¢)
Re \Jo
— [ 1
Rd
O
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Problem 3
Consider the convolution

(f *9)x /fa:—

a. Show that f * ¢ is uniformly continuous when f is integrable and g bounded.

Proof. Let g(x) < M for all z. We have

‘fR T —y dy‘<MfR|fx— y)| dy < oo

Let € > 0. We know |/ — flli = 0 as h — 0 (from a previous homework). Hence, we can find § > 0 such

that || fn — f[l1 < 47 whenever h < §. Now
d d
[ = vady - [ sz~ gty
R R

d
/R (Fla1— ) — f(z2 — 9)aw)dy

[(f % g)(@1) = (f * g)(w2)| =

Perform the change of variable u = x5 — y to get

d d
/ (f (u— (21 — x2)) — f(u))g(—u — w2)du| < / [f(u— (21— 2)) = f(u)llg(—u — z2)|du
R R

d

SM/ f(u— (21 — 22)) — f(w)|du
R

= M”fl‘l—l"z - f||1

Now, ||fz,—«, — flli < 37 Whenever |21 — x| < §. Since J was arbitrary, we see that f * g is uniformly
continuous. O

b. If in addition g is integrable, prove that (f * g)(z) — 0 as |z| — occ.

Proof. Since both f and g are integrable, we have that f* g is integrable. By a previous homework, we know
that an uniformly continuous, integrable function tends to 0. Therefore, (f * g)(z) — 0 as |z| — oo. O

Problem 4
Let E C [0,1] x [0, 1] be a measurable set. Assume that m(E,) <
that m({y € [0,1] | m(EY) =1}) < 3.

1 for almost every x € [0,1]. Prove

Proof. First, let F denote the subset of [0, 1] where m(E,) < 3. We have that m(F) = 1. By a corollary of
Tonelli’s Theorem, we know that

m(E) = /0 N m(E,)dx

IN
aj\\
m\ 3

—~
&
~
N =

o= 3
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Next, let G denote the set {y € [0,1] | m(EY) = 1}. By the same corollary as before, we have

m(E) = /[071] m(EY)dy

> /G m(EY)dy
:/Gldy

=m(G)

From the previous observation, we know that m(E) < 1. Therefore, m(G) < 3, as desired. O

1
2

Problem 5
Let f € L'(R) and define for h > 0

h
=5 Ji

Prove that ¢y, is integrable and ||¢y||; < \|f||1
Proof. Define F(t,x) : R x R — R so that
F(t,z) = f(t)xa(t,z), where A={(t,z) | t—h<t<z+h}

Now, A is the intersection of a closed half-plane and an open half-plane, so A is measurable. Furthermore,
f € L', so f is measurable. Taken together, we have that F(¢,x) is measurable. Now

Jo F(t,x)dt =[5 f(#)dt < oo

and so
lonll, = [ to(e)lda
/\ / F(t)dt|dz
:/\ / (t, z)dt|dx
<
< 2h( | [P
= 2h // |F(t,x)|dx)dt (by Fubini’s Theorem)
= 2h 2h|f()|dt (since F(t,x) =0fort ¢ [x — h,x + h))
~ [ 1
R
=Iflly
O
Problem 1
Consider the function on R defined by
1 : 1
Flay = { O IS
0 otherwise
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a. Verify that f is integrable.

Proof. We see that, for all x € R\ {0}, f(x) > 0 and f is continuous (and so measurable). We compute the
integral directly.

n(2)
< o0
O
b. Establish the inequality
fr(z) = m
for some ¢ > 0 and all |z| < % to conclude that the maximal function f* is not locally integrable.
Proof.
1 1
f*(x) = sup /
@) B m(B) Jp |x\(lnﬁ)2
1 1
= 2l n )2
ol J2)) 12y
_2 1
2[z] Jio, ) z(In3)?
_ 1
|x\lnﬁ
Now,
. 1
/ |f*(x)|dz > / — | dx (by above)
0,31 0,31 | [zl
1
[l
.41 Ting
N\ T¢
~ lim [zn (zn ())]
h—0 X h
= -0
Hence, f* is not locally integrable. O
Problem 2

Consider the function F(z) = z%sin (Z),  # 0 with F(0) = 0. Show that F’(z) exists for every z, but
F' is not integrable on [—1, 1].

Proof. We have immediately that
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F'(z) =2 (zsin (%) — L cos (%))

z2 z2
which is finite everywhere except possibly at = 0. We check this case separately using the definition.

F'(0) = }1113}) M

. (1
— jim nsin 5 )
1
=0 (since sin (lﬂ) is bounded)

To show that F’(z) is not integrable on [—1,1], it is sufficient to show that 1 cos 2 is not integrable over

[0,1]. We accomplish this by approximating the area under the function by triangles.
oo

1 1 1 s -1 ™ -1 1
/[Ol]xCOSxdeZ 52((54-(]‘?4-1)77) ? _(§‘HW) 2 ) (kmr)>

Vk
k=1 \/(%+k)(%+k)-(\/%+k+\/%+k)

. k3 . 1
lim = lim
horeo \/(%+k)(§+k)-( %+k+\/§+k) koo \/1+%+$~(\/%+1+\/i+1)
1
2
Since Z T diverges, the limit comparison test implies that our original sum diverges, as well. Therefore,
k=1
icos %2 is not integrable over [0, 1], completing the proof. O
Problem 3

Suppose F' is of bounded variation and continuous. Prove that F' = I} — F5, where both F; and F5 are
monotonic and continuous.

Proof. Let [a,b] with a < b be any closed interval in R. For z € [a, b], we have

F(z) — F(a) = P'F — N*F
F(z) = (PyF + F(a)) - Nj F.

Identifying Fy with P?F+ F'(a) and F5 with N*F'| it suffices to show that both P*F' and NZ? F are continuous
on [a,b] (as they are obviously monotonic). Since
TPF = PYF — NIF,

it further suffices to show that T2 F is continuous on [a,b]. To see this, let & € [a,b] and let € > 0 be given.
Since F' is uniformly continuous over the compact set [a, b], we can find § > 0 small enough to ensure that
|F(xz) — F(y)| < § whenever |z —y| < 0 for all 2,y € [a,b]. Now, choose a partition P of [a, b] such that the
distance between any two consecutive elements of the partition is less than ¢ and

N

€

TYF < |F(xy) — Flzr-1)| + 3
k=1
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where the zj are the elements of P. Without loss of generality, we may assume that one of these elements,
say xy, is our I, since a refinement will only increase the precision of the estimate. Now, by restricting our
view to the interval [z;_1,z;41], we have

€
T F <|F(z) = Foy)| + [F(2ig) = Fla)l + 5
< % + % + % (since F' continuous at & and x’s are sufficiently close)
=€
Hence, the function T77 is continuous on any interval [a,b], thus proving the original claim. O
Problem 4

a. Let I : [a,b] — R be a function of bounded variation and let a < ¢ < b. Prove that TSF+T F = T°F.
(Here, T°F denotes the total variation of F on [a,b].)

Proof. For any partition P, denote its elements by xy.

TR =swp 3 [f@) ~ i)

1 €la,b]

sup Z |f(zk) — f(zr-1)] (inclusion of the point ¢ can only refine P)

PU{c} er€la,b]

= sup ¢ > f@) = o)+ D [f(z) — flar—)]

Pu{c} zkEla,c] i, E€[c,b]

= sup Z |f(zr) — f(xg—1)| + sup Z |f(zr) — flxp—1)] (since [a, ¢] and [c, b] are almost disjoint)
Puie} z €la,c] Pu{c} z €le,b]

=TSF+T)F

b. Let F be as in part (a). Prove that
[P |F/ (2)|de < TEF.

Proof. Observe first

TehF=sup Y [Flax) — Flag)|
P ) €[z,x+h]

> |F(z+h) — F(x)] (this is the sum over a particular partition of [z, z + h])
It follows
oA = i | E @+ R) = F(x)
[F'(x)] = lim Y
o [t h) - F(a)
h—0 h
Terh
< }llli% Ih (by above)
Ty
= lim ———* (by part (a))
= (1o F)
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Finally, we have

b b
/ |F'(z)|dz S/ (TEF) dx (by above)
=T'F - T°F
=T'F

a

Problem 5
Let a < b and define F(0) = 0, F(x) = 2% sin 2 for 0 < 2 < 1. Prove that F is not of bounded variation
on [0,1].

=1
Proof. Let xj, = (3 +km) " . Observe that, when k is even, sin & = 1, and when k is odd, sin 2 = —1.
k k
ow, for any finite sum of the xy,

N

N
S oIf(ak) = flan-)l =)
k=1 k;l

>

which diverges as N — oo (since a < b). Therefore, F is not of bounded variation on [0, 1]. O

Problem 1

Let F : [0,1] — R such that F'(z) exists almost everywhere and satisfies F’ € L'([0,1]). Assume F is
continuous at 0 and absolutely continuous on [, 1] for all € > 0. Prove that F' is absolutely continuous on
[0,1] and thus of bounded variation on [0, 1].

Proof. Since F is absolutely continuous on [e, 1], we have for any € > 0

€T

F) = F(©)+ [ Fly)dy
for all z € [e,1] (by the Second Fundamental Theorem of Calculus). Now, letting e — 0
F(z)=F(0)+lim [ F'(y)dy

for all z € [0,1] (since F is continuous at 0).

We claim that liH(l)/ F'(y)dy = / F'(y)dy. For any € > 0, we have
€—> € 0

/Oz F'(y)dy — /m F’(y)dy’ = /0 F’(y)dy’
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which can be made arbitrarily small since f € L'([0,1]), thus proving the claim.
Therefore, we have that

Fla) = FO)+ | " Fy)dy

for all x € [0,1], and so F' is absolutely continuous on [0,1] (by the Second Fundamental Theorem of
Calculus). As a consequence, we have that F' is of bounded variation on [0, 1]. O

Problem 2

Let a > b > 0 and define F(0) = 0, F(z) = 2%sin (%) for 0 < z < 1. Prove that F is of bounded
variation on [0, 1].

Proof. Observe that

1 1
/ _ a—1 _: a—b—1
F'(x) = az® " sin (mb> —bx Ccos (acb)

which is defined on (0,1]. That is, F’'(z) exists almost everywhere on [0, 1].
We see that F’ € L'(]0,1]), since

1 1 1 1
/ |F'(z)|dz = / az® ' sin (b> — b1 cos <b)
! 1 ! 1
/ az® ' sin (b> dx + / bz® "1 cos <b)
0 € 0 T

1 1
< / |ax“_1|da:+/ ’bwa_b_l‘dx
0 0

1 1
:/ ax“flder-/ b0 1dx
0 0
b

<1+

IN

since a > b >0

pa— ( )
< o0

Next, we claim that F' is continuous at 0, since

lim —z¢ < lim F(z) < lim z®

z—0 z—0 z—0
0 <limF(z) <0
z—0

and F(0) = 0 by definition.

Now, since F'(z) is integrable on [e,1] for all € > 0, we have that F(z) = [* F'(y)dy is absolutely
continuous on [, 1]. By problem 1, we get further than F(z) is absolutely continuous on [0, 1], and so of
bounded variation on [0, 1]. O

Problem 3
Let f:[0,1] — R. Prove that the following are equivalent.

1. f is absolutely continuous, f/(x) € {0,1} almost everywhere, and f(0) = 0.

2. There exists a measurable set A C [0,1] such that f(z) = m(AN(0,x)).
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Proof. (1 = 2) Define A to be the set {z € [0,1] | f'(x) = 1}. Since f is continuous, f is measurable, so f’
is measurable, which in turn gives that A is measurable. Now, since f is absolutely continuous

:/f
o
o
/

XAN(o, x)dy
(AN (0,x))
(2 = 1) We have immediately that

f(x) =m(AN(0,z))
= /0 I xa(y)dy

and so f is absolutely continuous (since x4 € L'(R)). By Lebesgue’s Differentiation theorem, we have that
f'(z) = xa(x) almost everywhere. Hence, f'(z) € {0,1} almost everywhere and f(0) = 0. O

Problem 4
Let f,, be absolutely continuous on [0,1] and let f,,(0) = 0. Assume that

S @) = fh(@)]dz — 0

as m,n — oco. Prove that f,, converges uniformly to a function f on [0,1] and that f is absolutely continuous
on [0, 1].

Proof. Since L*(R) is a Banach space, we know that the Cauchy sequence {f}} converges to some function
g in norm. Let f = fo y)dy, which is absolutely continuous since g € L*(R). We claim that f satisfies the
remaining criteria.

Observe that, since each f,, is absolutely continuous and f,,(0) = 0,

ful@) = £a(0 /f
3£ﬁ@@

[fn(2) = f(2)] =

Now

‘/f w@
s/|ﬁ@—mmw
/ |y y)|dy

Hence, f,, — f pointwise. In fact, this convergence is uniform. Since the f, are absolutely continuous, they
are of bounded variation, and so they are bounded. Hence, for each n, there is M, so that |f, — f| < M,
for all . Since f,, — f, M,, — 0. So, given any ¢ > 0, pick N so that M,, < € for all n > N. This gives
|frn — f] < efor all n > N and for all . That is, f, — f uniformly. O
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Problem 5
Let f : [a,b] — [c,d] be an increasing absolutely continuous function and let g : [¢,d] — R be an absolutely
continuous function. Prove that the composition g o f : [a,b] — R is absolutely continuous.

Proof. Let € > 0 be given. Since g is absolutely continuous, there exists d > 0 such that

n

> lg(di) = glen)l < e

i=1

n

whenever {(¢;,d;) | i = 1,...,n} are disjoint open intervals with Z(dl —¢;) < 6. Similarly, since f is

i=1
absolutely continuous, there exists a d’ > 0 such that
n
D) = fla)l <o
i=1
m
whenever {(a;,b;) | i =1,...,m} are disjoint open intervals with Z(bz —a;) < ¢'. Hence, for any {(z;,v;) |
i=1

!
1 =1,...,1} disjoint open intervals with Z(% —x;) < &', have that that {(f(x;), f(v:)) | i =1,...,1} are

i=1
l l

disjoint open intervals (since f is increasing) with Z(f(yz) — f(z;)) < 4, and so Z lg(f(yi)) —g(f(x:))] <e,
i=1 i=1

as desired. O
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